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Suppose that the n + 1 coefficients of a polynomial of degree n are in- 
dependent normally distributed random variables with mean 0 and variance 1. 
We prove that the expected number of real zeros of this polynomial is less 
than (2/7r) log n + 1.116, and that the constant may be reduced to 1.113 if n 
is even. 
1. INTRODUCTION 
Kac [l] has shown that the expected number v, of real zeros of a polynomial 
a,xn + u,x”-1 + ..a + a, whose coefficients are independent random 
variables, normally distributed with mean 0 and variance 1, satisfies the 
relations, 
V, ‘v (2/a) log n as n-t co, (1) 
Vn-1 < (2/71) log n + (14171.). (2) 
Stevens [2] improved the second result, and showed that 
(2/P) log n - 0.6 < V,_l < (2/T) log n + 1.4. (3) 
We will show in Section 2 that 
v, < (2/n) log n + 1.116 (n odd), (4) 
vn < (2/x) log n + 1.113 (n even). (5) 
These results are better than those of Stevens or Kac with respect to both 
the argument of the logarithm and the constant term. The inequalities (4) and 
(5) will be consequences of the slightly more elaborate inequalities 
vn < (2/r) log n + 1.1021 + O.O6749n-l (n odd), (6) 
vn < (2/a) log n + 1.0931 + O.O7667n-l (n even), 
and the specific numerical values v1 = 1, v2 = 1.2970, Ye = 1.4928. 
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2. AN UPPER BOUND FOR Y, 
We begin with the explicit representation 
4 v, = - 
s 
l(1 - h,y dx 
7T 0 l-9 ’ 
h, = (n + 1) xv - 4 
1 -X2n+2 ' (8) 
obtained by Kac [l], who also showed that 
xn < h, < 1. 
For any OL such that 0 < a: < 1 and any nonnegative integer K, 
u, 52 
s 
'1-Lwr'(l - ~,2)1/ZdX 
0 1 - x2 
< 
J' 
l--an-1 (1 - x2)-l [ 1 - il ‘$/ak~) hr] dx 
0 
< + log ($ - 1) - il r;;l,f’ ,:“@ x2kn dx 
’ 
1 -- n (9) 
provided n > n’, since the quantity 
p + y (1 - gzkn+l 
is an increasing function of n. 
The function 
C(Y) = 1 -tY +Y2 + a.0 +y” -(n + 1) [l - n(l ;‘)I 
attains its minimum value 0 on the interval (0, 1) when y = 1, since 
+(l) = 4’(l) = 0, 4”(y) > 0. Consequently, setting y = xa, 
l-h,& 1 +x2+...+;Vn+1)x^, 
n 
EXPECTED 
in which A, = (n + 1) (1 - 
surely be true if x > 1 - n-l. 
If n = 2N is even, then 
2N 
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n(1 - x2)/2}, provided A, > 0, which will 
N-l 
A,(1 - h,) < c (P - x2N) = c x=(1 - x2N-=)2 
k=O k=O 
= (1 - x2)” g Lx? [“El .az] 
N-l 
< (1 - 9)s c (N - k)2 
k=O 
= N(N + 1) (2N + 1) (1 - x2)2/6. 
Since h, < 1 also, it follows that 
s 1 v, = (1 - &&2)1/a & < N(N + 1) r/a 1 1-m-l 1 - x2 [ 3 1 s l-an-’ { 1 - N(?- x2)}1/2 
= (qy2 log w, 
1 
l+N1/2 
W= 
1 - & + (!z$ + 2L)1’2 * 
The denominator of w is decreased, but remains positive, if the term o;L/4N2 
is omitted, and hence w < 1 + UN-l/a when N > 2 if 
a = ~,~dW g(N) = 
1 - (1 - q/a + && 
] + (c&2y2 - & 
It is easy to see that dg/dN < 0 when N > 0, 0 < cy < 1, and so 
v, < (qy2 log[l + g(2) N-1/2] 
< g(2) ($$J)1’2 < $ (1 + $,. 
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Combining this result with (9), in which n’ = 4, k = 3 and the term o12/16na 
is dropped, it follows that 
TV, --;u,+o,<~log12+~~(cu)+~. 
4 
if n is an even integer greater than 2, and 
F,(ct) = + log 1 + 
1 - (1 - 01)r/~ + 8-V201 
3112 [1 + (p)l” _ A?] ’ 
G,,(a) = - 01/4 - 2/9(1 - 01/4)~ - l/34(1 - “/4)l’ - l/100(1 - a/4)25 
1 - (1 - +I2 + 8-i1201 
+ 31/z [l + (!+2)“” - 41 . 
When 01 has the value 0.65678 at which F,(a) is a minimum, we see that 
vn < (2/x) log n + 1.089003 + O.l12798n-l 
if n is an even integer greater than 2, and consequently 
lim SUP[V~~ - (2/n) log 2N] < 1.089003. (10) 
A better overall bound for v, can be obtained by selecting a: so that 
F,,(a) + G,(a)/4 is a minimum. When 01 = 0.61, 
vn < (2/r) log n + 1.0931 + O.O7667n-l, (11) 
v, < (2/n) log n + 1.1123, (12) 
if n is an even integer greater than 2. The inequalities (11) and (12) are in 
fact true when n = 2, and hence for every positive even integer, because 
v2 = 1.2970 (see Section 3). 
If n = 2N + 1 is odd, then 
2N+1 
A,(1 - h,) < c ($k - X2N+l) zz 2 .2”( 1 - @+1--2k)2 
k=O k=O 
= (1 - x)” j. X2k [‘g;k xj” 
< (1 - x)” 2 (2N - 2k + 1)2 
k=O 
= (N + 1) (2N + 1) (2N + 3) (1 - ~)~/3, 
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2N+l 
&(I + h,) < c (x2k + x2nr-tl) = i ~771 + #+1-272 
k=O k=O 
= (1 + X)” 5 X2k [“y (- x)1]2 
k=O 1=0 
< (1 + x)” 5 X2k < (Iv + 1) (1 + x)“. 
k=O 
It follows that 
(1 - hn2)1/2 ~ 
II 
(2N + 1) (2N + 3) 1 1/Z [ 1 (2N + 1) (1 - X”) -1 _ 1 - x2 12 2 1 7 
so that, after an integration over the interval (1 - m-l, l), 
[ n+2 I 112 vu, < 12(n - 2) log w’, 
w 
I _ 11 - u - w?w'2~1 - (44 + [1 - @/w2> 
- (1 + [l - (2/n)]>“” (1 - (+z) - [l - (2/n)]1/2} 
I 
(44 1” 
l - 1 + [l - (2/?2)]1/2 \ 
= (1 - 4 11 + 2t1 f+ I 
If we apply the inequalities 
Y - (Y2/2) d log(l + y) if Y > 0, log(l - y) < - y, 
(1 + 11 - ww3-' > [2 - (l/n)]-’ > &[l + (1/2n)], 
it follows that 
vn < [ n+2 
l/2 (a/2) + {a2/4(l - a>> 
3(n - 2) I E - + log( 1 - CX) - n 
+ +*/16(1 - a)“} - (m/4) 
n2 1, 
The coefficient of l/n2 in this expression will be negative when 0 < 01 < 0.7 
because 
2 - 4(1 - a)” = (cy - 0.7)3 - 1.9(o1- 0.7)2 + 3.87(or - 0.7) - 0.017. 
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n2 n+2 Ii2 N-i n-2 - ’ - i-1 
has its maximum value on the interval 5 < n when n -= 5, and so 
n+2 l/* (-) n 2 b = 25 (+)“’ - 35 = 3.1881. 
It now follows that, if n is an odd integer greater than 3, 
in which 
a* 
A = - log(1 - a) - T - 4(1 _ ~) , 
B = - ; Iog( 1 - a) - $ - 2(1 “” ~) + OL4 
16(1 - a)” ’ 
and C and D are both negative when 0 < 01 < 0.7. 
Combining this result with (9), in which n’ = 5 and K = 3, we see that 
T < +-log n + F,(a) + ~+&&$), 
F,(a) = + [log + - 3-112 log( 1 - a)], 
G&) = 3-WA - % - & (1 - g1 - & (1 - g)*l - & (1 _ 
The function F,(a) assumes its minimum value when 
a = (3 - 3l/*)/2 = 0.6339746. 
Using this value of 01, which is on the interval (0, 0.7), we find that 
v,, < (2/7r) log n + 1.100818 + 0.034687~~~~ + 0.214992n-*, 
if n is an odd integer greater than 3. Hence 
lim sup{~~~+r - (2/r) log(2N + l)} < 1.100818. 
- a 31 
T- - 1 
(13) 
(14) 
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A better overall bound for v, can be obtained by selecting 01 = 0.61, which is 
close to the value of 01 at which the right-hand side of the inequality (13) has 
its minimum when n = 5. Hence 
v, < (2/n) log n + 1.1021 + 0.02661~~ + 0.2044~~, 
and consequently 
v, < (2/7r) log n + 1.1021 + 0.06749&, (15) 
v, < (2/p) log n + 1.1156 (16) 
if n is an odd integer greater than 3. The inequalities (15) and (16) are also 
true when n = 1, since vr = 1, and when n = 3, since V~ = 1.4928 (see 
Section 3) and therefore hold for all positive odd integers n. 
From the inequalities (IO) and (14) we infer that 
lim sup{vn - (2/r) log n} < 1.100818. (17) 
3. NUMERICAL EVALUATION OF v2 AND v2 
Using the formula (8), we see that 
4 
vg = - 
s 
l(1 + 4x2 + x4)1/2 dx 
T 0 1 + x2 + x4 ’ 
4 
va = - 
s 
1 (1 + 4x2 + 10x4 + 4x6 + x8)1/2 dx 
7r 0 1+xs+xJ+xa 
If we set x = (1 - sin 8)rj2 (1 + sin 0)-lj2 in the integral for v2 , it follows 
that 
1’2 [2l7(- Q, 3-W) - ~(3~l/2)1, 
in which K(K) and n(7n, K) are the complete elliptic integrals of the first and 
third kinds, respectively, i.e., [3] 
W) = 1,‘” (1 --2;n2B)l/2 ’ 
qm, 4 = JI” (1 _ de m sin2 0) (1 - K2 sin2 ep ’ 
40914213-6 
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If A,,($, K) is Heumann’s lambda function [3, p. viii], it is known that 
k2K(k) 
17(-m,k)=F nmflo(d> 4 
k2 + m + 2{m(l + m) (k2 + m)}l/z ’ 
and consequently v2 = 2/l, (45”, 3-112) = 1.2970, using tables [4, p. 6231 
of numerical values of A, . 
The value of va is found, after some algebraic manipulation, to be 
1 
s 
ra v3 = - (1 + 4x2 + 10x4 + 4x6 + 8)1/a dx 
iT --co 1 + X2 + X4 + x6 
1 =- 
77 s I,$+ [l + 4 ~-&jl]“2ds (18) 
=‘f T(j) 22” i’ m x4k dx n k=O k!T($ - k) w-m (x4 + 1) (x” + 1)4”-1 ’
the last step being justified by the observation that 4x4(x2 + 1)-4 < a for 
all real X. Each integral in the series (18) can be evaluated using the calculus 
of residues, and the first three terms of the series are 
2112 - 9 Z-112 - 5 ( ---. 177 2w ) 8’1024 8 
Since the sum of the first three terms of the power series for (1 + u)V2 is a 
lower bound for (I + u)r12, with an error not exceeding the product of 2~12 
and the absolute value of the third term, it follows that 
11 .21/a 
o<vg-- 
8 
1.49239 < v3 < 1.49289. 
If we use Simpson’s rule with ten intervals we find that v2 = 1.2970, which 
is accurate to five significant figures. The value of vs computed in the same 
way is 1.4928. 
NOMENCLATURE 
a 
a,, al ,..., a, 
b 
g(N) 
coefficients of polynomial 
3.1881 
a certain function of 01 and N 
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(n + 1) x”(1 - x2)/( 1 - xzn+‘) 
index of term in power series for (1 - hla2)l12; also 
argument of elliptic functions K(k), l7(m, k), A,(+, k) 
1 
3 
degree of polynomial 
integral over (0, 1 - an-‘) 
integral over (1 - oln-r, 1) 
independent variable in polynomial 
X2 
certain functions of 01 
certain functions of a: 
number of terms retained in power series for 
(1 - h,2)1/2 
complete elliptic integral of first kind 
largest integer not exceeding n/2 
parameter on interval (0, 1) 
variable of integration for v2 
expected number of real zeros of polynomial 
3.1416 
a certain polynomial in y 
tan-r(m1j2/k) 
certain functions of 01 and N (or n) 
gamma function 
(n + 1) (1 - n(1 - x79/2} 
Heumann’s lambda function 
complete elliptic integral of the third kind 
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